The Generalized Fibonacci and Lucas Solutions of The Pell Equations
  x^2-(a^2b^2-b)y^2=N and x^2-(a^2b^2-2b)y^2=N by Peker, Bilge & Senay, Hasan
ar
X
iv
:1
30
3.
18
38
v1
  [
ma
th.
NT
]  
7 M
ar 
20
13
THE GENERALIZED FIBONACCI AND LUCAS SOLUTIONS OF
THE PELL EQUATIONS x2 − (a2b2 − b) y2 = N AND
x2 − (a2b2 − 2b) y2 = N
BILGE PEKER AND HASAN SENAY
Abstract. In this study, we find continued fraction expansion of
√
d when
d = a2b2 − b and d = a2b2 − 2b where a and b are positive integers. We
consider the integer solutions of the Pell equations x2−(a2b2 − b) y2 = N and
x2 − (a2b2 − 2b) y2 = N when N ∈ {±1,±4}. We formulate the n-th solution
(xn, yn) by using the continued fraction expansion. We also formulate the n-th
solution (xn, yn) in terms of generalized Fibonacci and Lucas sequences.
1. Introduction and Preliminaries
The equation x2 − dy2 = N, with given integers d and N, unknowns x and y, is
called as Pell equation. In the literature, there are several methods for finding the
integer solutions of Pell equation such as the Lagrange-Matthews-Mollin algorithm,
the cyclic method, Lagrange’s system of reductions, use of binary quadratic forms,
etc.
If d is negative, the equation can have only a finite number of solutions. If d is a
perfect square, i.e. d = a2, the equation reduces to (x− ay) (x+ ay) = N and there
is only a finite number of solutions. If d is a positive integer but not a perfect square,
then simple continued fractions are very useful. The simple continued fraction
expansion of
√
d has the form
√
d =
[
a0, a1, a2, a3, ..., am−1, 2a0
]
with a0 =
[√
d
]
.
If the fundamental solution of x2−dy2 = 1 is x = x1 and y = y1, then all nontrivial
solutions are given by x = xn and y = yn, where xn + yn
√
d =
(
x1 + y1
√
d
)n
.
If a single solution (x, y) = (g, h) of the equation x2 − dy2 = N is known, other
solutions can be found. Let (r, s) be a solution of the unit form x2−dy2 = 1. Then
(x, y) = (gr ± dhs, gs± hr) are solutions of the equation x2 − dy2 = N .
Given a continued fraction expansion of
√
d, where all the ai’s are real and all
except possibly a0 are positive, define sequences {pn} and {qn} by p−2 = 0, p−1 = 1,
pk = akpk−1 + pk−2 and q−2 = 1, q−1 = 0, qk = akqk−1 + qk−2 for k ≥ 0. Let m
be the length of the period of continued fraction. Then the fundamental solution
of x2 − dy2 = 1 is
(x1, y1) =
{
(pm−1, qm−1)
(p2m−1, q2m−1)
if m is even
if m is odd.
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If the length of the period of continued fraction is even, then the equation
x2 − dy2 = −1 has no integer solutions. If m is odd, the fundamental solution of
x2 − dy2 = −1 is given by (x1, y1) = (pm−1, qm−1) [3].
Now let us give the following known theorems [4] that will be needed for the
next section.
Theorem 1. Let d ≡ 2 (mod 4) or d ≡ 3 (mod 4). Then the equation x2−dy2 = −4
has positive integer solutions if and only if the equation x2− dy2 = −1 has positive
integer solutions.
Theorem 2. Let d ≡ 0 (mod 4). If fundamental solution of the equation x2 −
(d/4) y2 = 1 is x1+y1
√
d/4, then fundamental solution of the equation x2−dy2 = 4
is (2x1, y1).
Theorem 3. Let d ≡ 1 (mod 4) or d ≡ 2 (mod 4) or d ≡ 3 (mod 4). If fundamental
solution of the equation x2 − dy2 = 1 is x1 + y1
√
d, then fundamental solution of
the equation x2 − dy2 = 4 is (2x1, 2y1).
In this study [2], since generalized Fibonacci and Lucas sequences related solu-
tions of the forthcoming Pell equations are going to be taken into consideration, let
us briefly recall the generalized Fibonacci sequences {Un (k, s)} and Lucas sequences
{Vn (k, s)}. Let k and s be two non-zero integers with k2 + 4s > 0. Generalized
Fibonacci sequence is defined by
U0 (k, s) = 0, U1 (k, s) = 1
and
Un+1 (k, s) = kUn (k, s) + sUn−1 (k, s)
for n ≥ 1. Generalized Lucas sequence is defined by
V0 (k, s) = 2, V1 (k, s) = k
and
Vn+1 (k, s) = kVn (k, s) + sVn−1 (k, s)
for n ≥ 1. It is also well-known from the literature that generalized Fibonacci and
Lucas numbers have many interesting and significant properties. Binet’s formulas
are probably the most important one among them. For generalized Fibonacci and
Lucas sequences, Binet’s formulas are given by Un (k, s) =
αn−βn
α−β and Vn (k, s) =
αn + βn where α =
(
k +
√
k2 + 4s
)
/2 and β =
(
k −√k2 + 4s) /2 [5].
There are a large number of studies concerning Pell equation in the literature.
Gu¨ney [1] solved the Pell equations x2 − (a2b2 + 2b) y2 = N when N ∈ {±1,±4}.
In this study, we consider the integer solutions of the Pell equations
x2 − (a2b2 − b) y2 = N and x2 − (a2b2 − 2b) y2 = N
in terms of the generalized Fibonacci and Lucas numbers.
2. The Pell equation x2 − (a2b2 − b) y2 = N
Firstly, we consider the integer solutions of the Pell equation
(1) E : x2 − (a2b2 − b) y2 = 1.
x2 −
(
a2b2 − b
)
y2 = N AND x2 −
(
a2b2 − 2b
)
y2 = N 3
Theorem 4. Let E be the Pell equation in (1) and a ≥ 2. Then the followings
hold:
(i) The continued fraction expansion of
√
a2b2 − b is
√
a2b2 − b =
{ [
a− 1; 1, 2a− 2][
ab− 1; 1, 2a− 2, 1, 2ab− 2] ,
if b = 1
if b > 1.
(ii) The fundamental solution is
(x1, y1) =
{
(a, 1)(
2a2b− 1, 2a) ,
if b = 1
if b > 1.
(iii) The n-th solution (xn, yn) can be find by
xn
yn
=
{ [
a− 1; (1, 2a− 2)n−1 , 1
]
[
ab− 1; (1, 2a− 2, 1, 2ab− 2)n−1 , 1
] , if b = 1
if b > 1.
where (1, 2a− 2)n−1 and (1, 2a− 2, 1, 2ab− 2)n−1 mean that there are n − 1 suc-
cessive terms (1, 2a− 2) and (1, 2a− 2, 1, 2ab− 2), respectively.
Proof. (i) If b = 1, then
√
a2 − 1 = a− 1 + (√a2 − 1− (a− 1)) = a− 1 + 2a−2√
a2−1+a−1
= a− 1 + 1√
a2−1+a−1
2a−2
= a− 1 + 1
1+
√
a2−1−a+1
2a−2
= a− 1 + 1
1+ 1√
a2−1+a−1
= a− 1 + 1
1+ 1√
a2−1+a−1+a−1−(a−1)
= a− 1 + 1
1+ 1
2a−2+(
√
a2−1−(a−1))
.
Therefore
√
a2 − 1 = [a− 1; 1, 2a− 2].
If b > 1, then
√
a2b2 − b = ab− 1 + (√a2b2 − b− (ab− 1))
= ab− 1 + 1√
a2b2−b+(ab−1)
2ab−b−1
= ab− 1 + 1
1+
√
a2b2−b−(ab−b)
2ab−b−1
= ab− 1 + 1
1+ 1√
a2b2−b+(ab−b)
b
= ab− 1 + 1
1+ 1
2a−2+
√
a2b2−b−(ab−b)
b
= ab− 1 + 1
1+ 1
2a−2+ 1√
a2b2−b+(ab−b)
2ab−b−1
= ab− 1 + 1
1+ 1
2a−2+ 1
1+ 1√
a2b2−b+(ab−1)
= ab− 1 + 1
1+ 1
2a−2+ 1
1+ 1
2ab−b−1√
a2b2−b−(ab−1)
= ab− 1 + 1
1+ 1
2a−2+ 1
1+ 1√
a2b2−b+(ab−1)
= ab− 1 + 1
1+ 1
2a−2+ 1
1+ 1
2ab−2+(
√
a2b2−b−(ab−1))
.
This completes the proof.
(ii) If b = 1, then from xn = pnm−1 and yn = qnm−1, we obtain x1 = p1 and
y1 = q1. Therefore we must find p1 and q1. It is easily seen that p1 = a1p0+p−1 = a
and q1 = a1q0 + q−1 = 1. That is, the fundamental solution of x
2− (a2 − 1) y2 = 1
is (x1, y1) = (a, 1).
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If b > 1, then from xn = pnm−1 and yn = qnm−1, we obtain x1 = p3 and y1 = q3.
Therefore we must find p3 and q3. Now, we can find in a different way with the
help of 3th convergent of
√
a2b2 − b.
p3
q3
= [ab− 1; 1, 2a− 2, 1] = ab − 1 + 1
1+ 1
2a−2+ 1
1
= 2a
2b−1
2a . Therefore (x1, y1) =(
2a2b− 1, 2a).
(iii) If b = 1, then it is known that (x1, y1) = (a, 1). For n = 1, we obtain
x1
y1
= [a− 1; 1] = a− 1 + 11 = a1 . Hence it is true for n = 1.
We assume that (xn, yn) is a solution of x
2 − (a2 − 1) y2 = 1. That is, xn
yn
=
[a− 1; (1, 2a− 2)n−1, 1].
Now we must show that it holds for (xn+1, yn+1).
xn+1
yn+1
= a− 1 + 1
1+ 1
2a−2+ 1
1+ 1
2a−2+ 1
...2a−2+1
= a− 1 + 1
1+ 1
a−1+a−1+ 1
1+ 1
2a−2+ 1
...2a−2+1
= a− 1 + 1
1+ 1
a−1+
xn
yn
=
axn+(a2−1)yn
ayn+xn
.
(xn+1, yn+1) is a solution of x
2 − (a2 − 1) y2 = 1 since x2n+1 − (a2 − 1) y2n+1 =(
axn +
(
a2 − 1) yn)2 − (a2 − 1) (ayn + xn)2 = x2n − (a2 − 1) y2n = 1.
If b > 1, then the proof is made by induction in a similar way. 
Theorem 5. All positive integer solutions of the equation x2 − (a2b2 − b) y2 = 1
are given by
(xn, yn) =
{
((Vn (2a,−1)) /2, Un (2a,−1))((
Vn
(
4a2b− 2,−1)) /2, 2aUn (4a2b− 2,−1)) ,
if b = 1
if b > 1
with n ≥ 1.
Proof. If b > 1, then the followings hold:
By Theorem 4-ii, all positive integer solutions of the equation x2−(a2b2 − b) y2 =
1 are given by
xn + yn
√
a2b2 − b =
(
2a2b− 1 + 2a
√
a2b2 − b
)n
with n ≥ 1. Assume that α = 2a2b−1+2a√a2b2 − b and β = 2a2b−1−2a√a2b2 − b.
Then α− β = 4a√a2b2 − b.
xn + yn
√
a2b2 − b = αn
and
xn − yn
√
a2b2 − b = βn.
Therefore xn =
αn+βn
2 =
Vn(4a2b−2,−1)
2 and yn =
αn−βn
2
√
a2b2−b
= 2aα
n−βn
α−β =
2aUn
(
4a2b− 2,−1) . That is, (xn, yn) =
(
Vn(4a2b−2,−1)
2 , 2aUn
(
4a2b− 2,−1)
)
.
x2 −
(
a2b2 − b
)
y2 = N AND x2 −
(
a2b2 − 2b
)
y2 = N 5
Similarly it can be shown that if b = 1, then (xn, yn) =
(
Vn(2a,−1)
2 , Un (2a,−1)
)
.

Theorem 6. The Pell equation x2 − (a2b2 − b) y2 = −1 has no positive integer
solutions.
Proof. The lenghts of the period of continued fraction
√
a2b2 − b are even, then this
equation has no positive integer solutions. 
Theorem 7. The fundamental solution of the Pell equation x2− (a2b2 − b) y2 = 4
is
(x1, y1) =
{
(2a, 2)(
4a2b− 2, 4a) ,
if b = 1
if b > 1.
Proof. It is obvious from Theorem 3 and Theorem 4-ii. 
Theorem 8. All positive integer solutions of the equation x2 − (a2b2 − b) y2 = 4
are given by
(xn, yn) =
{
(Vn (2a,−1) , 2Un (2a,−1))(
Vn
(
4a2b− 2,−1) , 4aUn (4a2b− 2,−1)) ,
if b = 1
if b > 1
with n ≥ 1.
Proof. It is trivial from Theorem 3 and Theorem 5. 
Corollary 1. All positive integer solutions of the equation x2 − (9k2 − 3) y2 = 1
are given by
(xn, yn) =
((
Vn
(
12k2 − 2,−1)) /2, 2kUn (12k2 − 2,−1))
with n ≥ 1.
Corollary 2. All positive integer solutions of the equation x2 − (9k2 − 3) y2 = 4
are given by
(xn, yn) =
(
Vn
(
12k2 − 2,−1) , 4kUn (12k2 − 2,−1))
with n ≥ 1.
3. The Pell equation x2 − (a2b2 − 2b) y2 = N
Now, we consider the integer solutions of the Pell equation
(2) F : x2 − (a2b2 − 2b) y2 = 1.
Theorem 9. Let F be the Pell equation in (2) and a ≥ 3. Then the followings
hold:
(i) The continued fraction expansion of
√
a2b2 − 2b is√
a2b2 − 2b = [ab− 1; 1, a− 2, 1, 2ab− 2] .
(ii) The fundamental solution is
(x1, y1) =
(
a2b− 1, a) .
(iii) The n-th solution (xn, yn) can be find by
xn
yn
=
[
ab− 1; (1, a− 2, 1, 2ab− 2)n−1 , 1
]
where (1, a− 2, 1, 2ab− 2)n−1 means that there are n−1 successive terms (1, a− 2, 1, 2ab− 2).
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Proof. (i)
√
a2b2 − 2b = ab− 1 + (√a2b2 − 2b− (ab − 1))
= ab− 1 + 1√
a2b2−2b+(ab−1)
2ab−2b−1
= ab− 1 + 1
1+
√
a2b2−2b−(ab−2b)
2ab−2b−1
= ab− 1 + 1
1+ 1√
a2b2−2b+(ab−2b)
2b
= ab− 1 + 1
1+ 1
a−2+
√
a2b2−2b−(ab−2b)
2b
= ab− 1 + 1
1+ 1
a−2+ 1√
a2b2−2b+(ab−2b)
2ab−2b−1
= ab− 1 + 1
1+ 1
a−2+ 1
1+ 1
2ab−2b−1√
a2b2−2b−(ab−1)
= ab− 1 + 1
1+ 1
a−2+ 1
1+ 1√
a2b2−2b+(ab−1)
= ab− 1 + 1
1+ 1
a−2+ 1
1+ 1
2ab−2+(
√
a2b2−2b−(ab−1))
.
This completes the proof.
(ii) From xn = pnm−1 and yn = qnm−1, we obtain x1 = p3 and y1 = q3.
Therefore we must find p3 and q3. Now, we can find with the help of 3th convergent
of
√
a2b2 − 2b.
p3
q3
= [ab− 1; 1, a− 2, 1] = ab − 1 + 1
1+ 1
a−2+ 1
1
= a
2b−1
a
. Therefore (x1, y1) =(
a2b− 1, a).
(iii) The proof is made by a similar manner as in the proof of the Theorem
4-iii. 
Theorem 10. All positive integer solutions of the equation x2− (a2b2 − 2b) y2 = 1
are given by
(xn, yn) =
((
Vn
(
2a2b− 2,−1)) /2, aUn (2a2b− 2,−1))
with n ≥ 1.
Proof. By Theorem 9-ii, all positive integer solutions of the equation x2−(a2b2 − 2b) y2 =
1 are given by
xn + yn
√
a2b2 − 2b =
(
a2b− 1 + a
√
a2b2 − 2b
)n
with n ≥ 1. Assume that α = a2b−1+a√a2b2 − 2b and β = a2b−1−a√a2b2 − 2b.
Then α− β = 2a√a2b2 − 2b.
xn + yn
√
a2b2 − 2b = αn
and
xn − yn
√
a2b2 − 2b = βn.
Therefore xn =
αn+βn
2 =
Vn(2a2b−2,−1)
2 and yn =
αn−βn
2
√
a2b2−2b
= aα
n−βn
α−β =
aUn
(
2a2b− 2,−1) . That is, (xn, yn) =
(
Vn(2a2b−2,−1)
2 , aUn
(
2a2b− 2,−1)
)
. 
Theorem 11. The Pell equation x2 − (a2b2 − 2b) y2 = −1 has no positive integer
solutions.
Proof. The lenghts of the period of continued fraction
√
a2b2 − 2b is even, then this
equation has no positive integer solutions.
x2 −
(
a2b2 − b
)
y2 = N AND x2 −
(
a2b2 − 2b
)
y2 = N 7
Theorem 12. The fundamental solution of the Pell equation x2−(a2b2 − 2b) y2 =
4 is
(x1, y1) =
(
2a2b− 2, 2a) .
Proof. It is clear from Theorem 3 and Theorem 9-ii. 
Theorem 13. All positive integer solutions of the equation x2− (a2b2 − 2b) y2 = 4
are given by
(xn, yn) =
(
Vn
(
2a2b− 2,−1) , 2aUn (2a2b− 2,−1))
with n ≥ 1.
Proof. The proof can be easily seen from Theorem 3 and Theorem 10. 
Theorem 14. The Pell equation x2 − (a2b2 − 2b) y2 = −4 has no positive integer
solutions.
Proof. Let b be odd. If a is odd, then a2b2 − 2b ≡ 3 (mod 4). If a is even,
then a2b2 − 2b ≡ 2 (mod 4). From Theorem 1, we know that the equation x2 −(
a2b2 − 2b) y2 = −4 has positive integer solutions if and only if the equation
x2 − (a2b2 − 2b) y2 = −1 has positive integer solutions. But from Theorem 11,
the equation x2− (a2b2 − 2b) y2 = −1 has no positive integer solutions. Therefore,
the equation x2 − (a2b2 − 2b) y2 = −4 has no positive integer solutions.
Let b be even. Then a2b2 − 2b is even. Assume by way of contradiction that
there are positive integers m and n such that m2 − (a2b2 − 2b)n2 = −4. Both b
and a2b2 − 2b are even. Therefore, m is even. Let b = 2t where t ∈ Z+. Then
m2− (a24t2 − 4t)n2 = −4 and we get (m/2)2− (a2t2 − t)n2 = −1. We know from
Theorem 6, the equation x2 − (a2b2 − b) y2 = −1 has no positive integer solutions.
So this is a contradiction. Then the Pell equation x2 − (a2b2 − 2b) y2 = −4 has no
positive integer solutions. 
Corollary 3. All positive integer solutions of the equation x2 − (9k2 − 6) y2 = 1
are given by
(xn, yn) =
((
Vn
(
6k2 − 2,−1)) /2, kUn (6k2 − 2,−1))
with n ≥ 1.
Corollary 4. All positive integer solutions of the equation x2 − (9k2 − 6) y2 = 4
are given by
(xn, yn) =
(
Vn
(
6k2 − 2,−1) , 2kUn (6k2 − 2,−1))
with n ≥ 1.
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